9= X -x+5

DoN\o‘.\\._-__& = (- Q)
[35] %
(3s) (3,5)

—QM—W
3 S y 05

g(x) =.3x__.1u—.52‘.—t
3(xkh) = BN T N 5

¥ h = 30%2xh i) +S
= »2bhdh = he S

- &

-2 o
&l '

Domain® R\ “‘l3}: Set ghaticn
43 U (43 o) dnde nakekion

L)
Let fx) = Bjia‘ =0 ol
Find the domain of f Aoty

Solution: Find the excluded values: 2 % 33
x4 =0 e e
Q O

3x=4 ~ A
: Underingd

4 4 4
D) = IR\(3) = (~o0.5) U G, +0)

X =

Sep 5-00:12




‘\L’I-\: 2

\_3\ = —lL-}) =23

13l= 3
S

WYl i x4

(y_d;-{&‘-l\;—”-\\ / ;F fl—‘

=il e x>l

Ix<il = ¥-| & X7 L.

Sep 5-09:31
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Common Types of Behavior Associated with Nonexistence

of a Limit

1. f(x) approaches a different number from the right side of ¢ than it approaches
from the left side.

2. f(x) increases or decreases without bound as x approaches c.

3. f(x) Oscigaies between two fixed values as x approaches c.




Common Types of Behavior Associated with Nonexistence
of a Limit

1. f(x) approaches a different number from the right side of ¢ than it approaches

from the left side.
2. f(x) increases or decreases without bound as x approaches c.
3. f(x) oscillates between two fixed values as x appmaclw:/[

10

10 | | | -9




Another way to find a limit analytically is the rationalizing
technique, which involves rationalizing the numerator of a
fractional expression.

Recall that rationalizing the numerator means multiplying the
numerator and denominator by thf the numerator.

For instance, to rationalize the numerator of Vx +4
X

multiply the numerator and denominator by the conjugate of
Jx + 4. whichis /y — 4.

(}~\o ———— O+]O
O 4 b - (}— \Q (q-\h”od\v\‘ o ”0

[0l =mmmafo=bo (Gl (o) 2ol
Jo-lbm—=d/a +

Sep 17-09:13




0/0.
Iin})(\/.rJr 1-1)=0

‘/.r+1—l/' R

lim ———— Direct substitution fails.

x=0 X
i =0 Lol b =gl

2 - ¥
. Ja e (S X6y

y
7~ \ o %\
,‘f’(.x'):"’r'"I !
:\l‘;_ | l\' x‘“?’O
; 1% X7 =1
|

) Dorraiy: L4 (40

The limit of f(x) as x approaches 0 is 3.

Sep 17-09:24



1. Determine the domain of the given functions

v o Xs* g\ (=42

fx) = x2+2x—8 -t*§“)zf-ﬂ

k(x) = x__79 = (r’:,"'e:n 2\ {;"03}

x2

g(x) =V18=3x = 13=-720 3 0'7[5X :L?/x
-D,
A= 1Ex ( ’(’—12“{—;
I'
: h(x) =x5—2x2+7 13(§°I°)
: s(x)y=v2—x+Vx+1
\\\

)
\‘A\——wh‘F]s ‘.—& 4 X£1

X703 1% g xe

(i - (" @,D

a. Find the x and y intercept of the following function
y=fX)=—x*—2x+2 @Oy abv4AL=0
—b+VbZ-4ac

2a

Quadratic formula: A=b” — 4ac and x,, =

b. Is f even? Odd? or neither ?

c. Sketch the graph of f
inkercagt

d\ X=o ﬂ‘j;z . \o.z\-\.o
Y20 D) —xiexy2=g 0z-l bl et

X\Z:Zi 4"4‘—2

L -17,0)

= 22 Vi ( 0%,0)

b\ Fer) o —%k—Lx v
L) “.:.-(-'I-IL-I.l-v'-\-trL @6l\~f
= -V‘-}L)r... = c
Fonl no
- (A - vyt QJQ(\

kA
C\.‘” a )‘L*L)\4< < - ):’- Zr 420
070 = U ///
QLo ﬂy'

Sep 19-09:23



« VU

loj b—=—X
d.
3. Solve the following equations = 4"5‘0

waul) 2 In(x — 2) == elav-2 2 Xze y
\0&3{_‘) = b.& og(x — 2) +log(x + 4) = log(x? — 1)

S et gee €27 =5 )‘(-\,\ 1x At

Sep 19-09:38



v . DMeer sv‘:}\'

0 [irn (Zﬁr(x*f) -
r x2+6x+5 o=/ ' - l-t
T X+ 1 O *0-| %‘/

—c0  LipF limit

B

lim = -
x=1x%2+1 2

-1
oxt+6x . X7 |_|~mi-\-
Jm i\ A2 Lee
— -
4 —x + 14 el

lim
X—2 x—2

. _(x+2 x<2
lim f(x), where f(x) = {6 —x, x>?2

Sep 19-09:49




it XL b mbcboms |
K=t

&c cose £ IS yndegined

z,)‘:a
x+1, x=0
c. hix) = ,
(xz0) X +1, x>0

Lest imitabxap: ou = 4.

Light " " = o
Liil‘ .01'\__?[.

,_a\ \~U~‘S"5 Flo)xt
Fl$ \q\'\ \(\\005 Q\I*"‘h\‘e (0“ K)

\' -9 X ’r --3 & —A
99
?b\-— \/\-sk l-* -”0 ¥;o‘ :‘ll

AYel 3 Xt—[-&.fkloomo:q

i Fb\:b:f(\‘ M = Ao
Xl | +\+M = 0=fly)
Cadinws on -\ \'\

Sep 26-09:17




T(x\: fonn = oinx , Cosx £ 0
C oS*

’T (9! Cs5x—o0 ;£

B rj X=T 57 5024

(-l\‘\-' \. I Mol a* = _-2-,‘2"~
poinky ! *

)
- ?-\-ﬂ'f\" ’\QZ

N k‘_\",-l,
Eﬁur\' X =§-\M" T lom~ S (a\-\'.cwoug.
b. oy [Sml‘f’ o ‘
. glx) = .
0, xr=20

sb’\ s Lankinvovs c\ld&W\‘(Q 7= ??'\' X=0.

R\ §o)
(‘epl'a) U Q()'CS)

Sep 29-09:09
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(a)

£

Each graph has an asymptote at x = 1.

X)

(b)

1
2x+1)

(a)

Example 2 — Finding Vertical Asymptoy

Determine all vertical asymptotes of the graph of each
function.

0 f0) = 5y~ =

b. f(x) = iz t : S e

c. f(x) = cotxy ~ ==m=——» %
Xo oo AT 0T
~ - \'\‘ill neZ

Oct 1-09:09



[T EXAMPLE 1 Find the infinite limits, limits at infinity, and asymptotes for the function

f whose is shown in Figure 5.
LUTIONY We see that the values of f(x) become large as x — —1 from both sides, so

3 - lim f(x) = =

Notice that f(x) becomes large negative as x approaches 2 from the left, but large posi-

tive as x approaches 2 from the right. So

FIGURE S

' A “fb Thus both of the lines x = —1 and x = 2 are vertical asymptotes.

This means that both vy = 4 and y = 2 are horizontal asymptotes. |

EXAMPLE 3 Evaluate

and indicate which properties of limits are used at each stage.

SOLUTION As x becomes large, both numerator and denominator become large, so it
isn’t obvious what happens to their ratio. We need to do some preliminary algebra.

As x becomes large, it appears that f(x) approaches 4. But as x decreases through
negative values, f(x) approaches 2. So

Iil? flx) = —= and |il'§l_ flx) ==

linlyf(x) =4 and lifMNyf(x) = 2

T ;

i £y 7]
Lst®

Oct 1-09:21






txample 1 — The Slope of the Graph of a Linear Function

W= LA = Logam
b find the slope of the graph of f when @, ou can apply
e definition of the slope of a tangent line, as shown.

2+ - f(2 2(2 - 31 -=12(2) -
L @A) Q) L [22+ A = 3] - [2(2) - 3]
Ax—0 Ax Ax—0 A,’(
4+ 2Ax—3-4+43
= lim
Ax—0 Ax
= lim 254
ar—0  AX

lim 2

r—0

Il
]

fLwW\ —Fu)
-‘\‘o A NS
e ZU,J:\D%\—J - |
Dl=©

__ Lo /K*"/D/(ﬂ
BHAD /DC

‘/33.,\,4«@




1 tangent
line

The graph of fhas a vertical tangent
line at (c, f(c)).
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Function Derivative
a f)=x_4&xt5 fx)=3x>—4
b. g(x):—z—4+3x-‘—2x glx)= -2+ 9?2
Ly = gl x-'=3fx—'2—3x2x2_]
- 1
o) F =ox- 4 l/3
\‘\ 3__‘3’.,4"‘-\'%*'%
B 1
J
L
9 -1
- -1 % ‘lﬁ"

X

x X
Y= Bf,z x"@
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At time t = 0, a diver jumps from a platform
diving board that is 32 feet above the water
(see Figure 2.21). Because the initial
Velocity of the diver is 16 feet per second,
the position of the diver is

s(t) = 16t + 16t + 32 Position function

where s is measured in feet and tis
measured in seconds.

a. When does the diver hit the water?

b. What is the diver’s velocity at impact?
( = 1.—;‘7 :

I:'-nc] \/5\ LLU\

wl|

e e e e T

Velocity is positive when an obje
rising, and is negative when an o
is falling. Notice that the diver m
upward for the first half-second
because the velocity is positive hi
D<t < —l When the velocity is |
diver has reached the maximum |
of the dive.

Figure 2.21




Derlvative of the Natural Exponentlal Function

Visual 3.1 uses the slope-a-

scope to illustrate this formula. %ic‘l =gt

Thus the exponential function f(x) = ¢* has the property that it is its own derivative.
The geometrical significance of this fact is that the slope of a tangent line to the curve

y = e is equal to the y-coordinate of the point (see Figure 7).
3 EXAMPLE 8 If f(x) = ¢* — x, find f" and f". Compare the graphs of f and f".
)
" SOLUTION Using the Difference Rule, we have
§/
S / _--i-_i--_
fix) =—(e"—x) . (e*) dxix] e’ =1
/)'r In Section 2.8 we defined the second derivative as the derivative of [, so
(I_ {—I) d(l—d(”_
frix € € o et

The function f and its derivative f” are graphed in Figure 8. Notice that f has a hori-
zontal tangent when x = 0 this corresponds to the fact that £'(0) = 0. Notice also that,
for x > 0, f'(x) is positive and f is increasing. When x < 0, f(x) is negative and f is
decreasing. | |

: EXAMPLE 9 At what point on the curve y = ¢* is the tangent line parallel to the
o line y = 2x7
y=2x SOLUTION Since y = e wehavey' = ¢ Let the x-coordinate of the point in ques-
! tion be a. Then the slope of the tangent line at that point is ¢*. This tangent line will be
y Lo parallel to the line y = 2x if it has the same slope. that is. 2. Equating slopes. we get

o x =2 a=In2

FIGURE 9 Therefore the required point is (a, €*) = (In 2, 2). (See Figure 9.) [ ]




THEOREM 2.7 The Product Rule

The product of two differentiable functions f and g is itself differentiable.
Moreover, the derivative of fg is the first function times the derivative of the
second, plus the second function times the derivative of the first.

L1 f9g)] = FRg') + gl ()

L )] = Fg0Ihe) + fx)g W) + Fx)e)h ().

Ex. \\
() = (@4@. o

th = 1S 15 7 )

BN

=¥ 94tq)
. (@@«HW@

= 1S 412% _20%~1hxy Ry _ &x
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BRIy
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Example 7 — Simplifying by Factoring Out the Least Powers

Find the derivative of f(x) = x>V — x°.

Solution:
f(x] = x? \.”H] —x? Write original function.
= x3(1 — x?)1/2 Rewrite.
Y 2 d 1/2 I,v'Z
fx) = x* E[“ )]+ (1 = x?) [.1‘ 2] Product Rule

él}l“ - Iz}_'{z(-ﬁ}‘l + (1 — x9)V2(2x) fLﬂLI’Il Power Rule
/ / *L" L
= —x‘(l — x") 1/2 + 2x(1 — x2)1/2 Simplify.

N ! ,( 1
= x(1 — x?)~V- x~{l}+ﬂ- —x2)] Factor.
H-\',L Simplify. IIL

/
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Find dy/dx given that y* + y* — 5y — x> = —4.

T | |
St 3y aty=59 00
Skep %:3'*&39‘-—55' = Zx
Shee 3. o (39329 -5) = X

Determine eof the graph of 3(x* + y%)? = 100xy
at the point ( o

I’Z)(’5 (2 %™ 33+|2x3-| \?33_,%
'7)'33-"293\ \QX3 lg'.)? lq‘x ,W_xU)
Shog>

\l’t-r ) "m) v -t

S'vt.- 2) (099 )

= __——
)‘a3,.o=|

X9 411y’ 1P
.\9]1 190 -9% - 199 :”'02

(7% + 12-30 SV
= Siteify—

Nov 3-09:22




rivatives of Logarithmic Functions

In this section we use implicit differentiation to find the derivatives of the logarithmic
functions y = log; x and, in particular, the natural logarithmic function y = In x. [It can
be proved that logarithmic functions are differentiable; this is certainly plausible from
their graphs (see Figure 1.5.12).] |

[ %""5"]':::” -:J-'-(\oo U ’-L"u
N b

-\Ilnb

e put b = e in Formula 1, then the factor In b on the right side becomes Ine = |
et the formula for the derivative of the natural logarithmic function log, x = In x

d =1 A‘ ‘ |
dx“nx) X —— u - °U
| (\(\ T

Nov 3-09:37



EXAMPLE 1 Differentiate y = In(x* + 1).
SOLUTION To use the Chain Rule, we letu = x* + 1. Then y = In u, so | )Y‘L

2
d}‘ = dy ‘ﬁ‘ =ld“ 3X ) /:/

dx du dx
1 Ax?
= Ix?) = ]
— .r3+l( ) 2 +1

2 (g

N
),

Nov 3-09:39




d .
PLE 2 Find ——In(sin x). (‘ﬁ(u\) — .2\}_ ( 0— S;‘\Y

ON Using (3), we have

d 1 d 1
— In(sin x) = ———(sin x) = ——¢co0s x = cot x |
dx sin x dx sin x
e —— e

PLE 3 Differentiate f(x) = /In x.
ON This time the logarithm is the inner function, so the Chain Rule gives

¢ l,fl_ - . l_ —l
f(x) = I[ln x)” “n-‘) 2m hm L

"‘L __”,L
/ -

gy ]"7‘) - %ﬂ&\m) l

Nov 3-09:41



EXAMPLE S Dillereniale j(x) = JogplZ T sin X).
SOLUTION Using Formula 1 with & = 10, we have

f(x) = %hglo{?! + sin x)

- ! 4 (2 + sin x)
(2 + sin x) In 10 dx s

. COSs X
(2 + sin x) In 10 \

EXAMPLESF‘mddU - — _'_—'U
dx — \,

SOLUTION 1 \
d n x+ 1 d x+1 \_&“
dx J/x—2 dx +/x — 2 :

Vx—2 Jx—2. 1—(x+1)(~}}(x—2)"“
L_/_ x+1 x— 2

_x—2—3x+1)

0 — (/ﬁ 1
j | ,(H’.} {

‘F-’.'n'-"\ U“SNJ %k&%’b)l —

Nov 3-09:43
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B Logarithmic Differentiation
The calculation of derivatives of complicated functions involving products, quotients, or
powers can often be simplified by taking logarithms. The method used in the following

example is called logarithmic differentiation.
pa— s Dse «nohu\-t'
EXAMPLE 7 Differentiate y — 22— (ex
YT ey Ae

SOLUTION We take logarithms of both sides of the equation and use the Laws of Loga-
rithms to simplify:
Iny=7Inx+ Finlx® + 1) — 5In(3x + 2)

Differentiating implicitly with respect to x gives

1 d 31 1 2x 3
—_—_———— e —r—— 5.
d x 2 +1 3
Solving for dy/dx, we get
dy (3 i x 15
ax N\ax TEF1 3

—————————————————————————————

fay= 10 () Qo )

(O Pe@los b«%

\ng: }\()x L-lz\(\(}h‘-s\ﬂ(%?)

f ( 9 \5
“r -
le\ 24

()

Nov 5-09:24
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Finding Related Rates

you can differentiate implicitly with respect to t to obtain the
related-rate equation

%[V] =% frﬂhJ "0 ) L SN l-’\’\

| 3

Al iy
a3 TN\

m( ,dh dr
=—(r2= + 2rh —|.
3 (r ” 2rh dr)

Differentiate with respect to 1.

From this equation, you can see that the rate of change of
Vis related to the rates of change of both h and r.

N S e

c_i/\/,—:_f_r LY
s 3 2(*/\

T N~




Example 1 — Two Rates That Are Related

Suppose x and y are both differentiable functions of t and
are related by the equation y = x* + 3.

Find dy/dt when x = 1, given that dx/dt = 2 when x = 1.

Solution:

Using the Chain Rule, you can differentiate both sides of
the equation with respect to t.

vy = x>+ 3 Write original equation.
:]_f([‘] = %[.\‘2 + 3] Differentiate with respect to 7.
ﬁ = zxd—r Chain Rule
dt dt J
v
When x = 1 and dx/dt = 2, you have ;- = 2(1)(2) = 4.

/\/\/
G C e J\k\'—z*ﬂu\‘ﬂ

N\‘Qa(\. JL"L\L J;L._'L

\)As\. alie %3&“@‘”\ =




Example 2 — Ripples in a Pond

A pebble is dropped in a calm pond, causing ripples in the
frommuma@srjhe radius r of the outer ripple is
increasing at a rate of 1 foot per second. When the radius
is 4 feet, at what rate is the fotal area A of the disturbed
water changing?

=4
N

~hen
g
v

k

St




Find the extrema of f(x) = 3x* — 4x3 on the interval [-1, 2].

Solution: / \

Begin by differentiating the function.
fix) = 3x*— 4x3 Write original function.
f(x) = 12x3 - 12x2 Differentiate.

) {-"'2 lZ){"_’. 12 x -

SZ) f'=o 7 dsesnok et
122y =0 Na ?o\t\\—S\n\\

Z)x*(x | =0 tha £ \ é%l\e\“
v AL ;

e & Recaue

XK= .
SIS isaRyory)
\Ne howe '\'W‘-" cv'-\ita\ Pownds ., o 1
SZ) %-0 Xzl xzl x_o

£ s‘“SX‘-&)CS

) <
- fo)=6 %\@Q_\}&%@

1,-1) 2
Minimum

fx) =3x% —4x?

On the closed interval [—1, 2], fhas a
minimum at (1, —1) and a maximum
at (2, 16).
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EXAMPLE 8 Find the absolulc maximum and minimum values of the function

‘ ) —!2"9‘&4

Fxi= x =3¢ gmitc)
) Pz axtopx G

2] ¢'=ooy }X& ¥ =

R
—ll &

X2 il
X\O7_~llz 4_x_> BRI
1

—_— 3
Fo) \ &@ _{i @/nax

Nl /

40 /

AN /1
/7-'7_\-@/._4__6
-20

Nov 12-09:44
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Example 1 — Intervals on Which f Is Increasing or Decreasing

Find the open intervals on which f(x) = x* = 3x* s
increasing or decreasing.

Solution:

Note that fis differentiable on the entire real number line
and the derivative of fis

f(x) =x3 — j.\‘z Write original function.
f’(x) = 3x2 = 3x. Differentiate

f(x\ y3 Zx

% L)\ ~ g AJSX—SX

K= " 5‘:-'!2..
'\\ ,\\ X=0 X~
© | %2 =

X\‘°° ~F

A

‘F( e )= Z—}i_

t'(z) "= 4
:\2.—6=é (‘alo)d\cl(\ls) F//\

Loy £ S

Nov 14-09:05



EXampIe Z — APPIYIg e FITST Dervartive 18s

Find the relative extrema of the function f(x) = %x — sinx

in the interval (0, 2m). ‘
[

Note that fis continuouslon the interval (0, 2m). The
derivative of fis f'(x) =3 — cos x.

Solution:

o579
To determine the critical numbers of fin this intefval, set_

f(x) equal to zero.

J
(e
ez %L S,
S N
ST

e

Nov 14-09:17



THEOREM 3.7 Test for Concavity

Let f be a function whose second derivative exists on an open interval [.

1. If f"(x) > 0O for all x in I, then the graph of fis concave upward on I.

2. If f"(x) < O for all x in I, then the graph of fis concave downward on [.

To apply Theorem 3.7, locate the x-values at which
f"(x) = 0 or f" does not exist. Use these x-values to
determine test intervals. Finally, test the sign of ' (x) in
each of the test intervals.

Example 1 — Determining Concavity

Determine the open intervals on which the graph of

.6
_f(.,\") 7/(3 +3

is concave upward or downward.

Solution:

Begin by observing that fis continuous on the entire real
line.

Next, find the second derivative of f.

)‘(x) — 6(){2 + 3)—1 Rewrite original function.

I 2 L 3%
el _uxﬂ) .zx = _\zx(x«i)
;“-_ 12X +3)_\zx ~2:(X +3§ 2X

-1 (%" +3) +43X" (643)°

AR +3) % .(g-\-@(’&

\«f\
= -——\2(3—3)(7"
(X’L_\_:),)x
. \
(:\‘=0 £ s V“AS"'RA

)('\"_-.\ A X=x \ NQM\\ \"\VQS

—2 - | =
X | |

TA-(oas| X=—2 Y=
'S0 fw::)) | =2

NN
e dwn UuP
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f”{x} > 0
Concave
upward

L0 <0

f(x)>0
Concave
upward

\

Concave
downward
1

] -
1 1 = X

1 2

From the sign of f”, you can determine
the concavity of the graph of f.

Nov 21-09:24




Determine the points of inflection and discuss the concavity
of the graph of b - X!‘ | 7‘3
Solution: Fer=1|b ~$Z =-’LQ

Differentiating twice produces the following.

+ | \) m :
Cavane w Cm«c)mz\L()M\&u(’

Fll- o \olo\ WElecdnn 7o
) ' A
Fl2lz gy re;qq~ *

| inflection

& Points of

|

-27-k
Concave | Concave Concave
upward downward upward

Points of inflection can occur where
f”(x) = 0 or f”does not exist.
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Example 4 — Using the Second Derivative Test
Find the extrema of f(x) = —3x° + 5x3

Solution:
Begin by finding the critical numbers of f.
fx) = —15x* + 15x? = 15x%(1 — x?)
From this derivative, you can see that x = -1, 0, and 1 are
the only critical numbers of f.

By finding the second derivative
f"(x) = —60x3 + 30x = 30x(1 — 2x?)

you can apply the Second Derivative Test.

xample 4 — Solution

cont'd

Point (—=1.-2) (0.0) (1.2)

Sign of f”(x) (=1 =0 f7(0) =0 fr(1) <0

Conclusion Relative minimum Tci[ fails Relative maximum
I

rause the Second Derivative Test fails at (0, 0), you can
the First Derivative Test andjobserve that fincreases

left and right of x = 0. 4
e left and right of x ; \

I’Pﬁ\“) FRD \r/
39( ¥ “
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EXAMPLE 5 Sketch a possible graph of a function f that satisfies the following
conditions:

(i) f(x) > 0on(==,1), flx)<0on(l,=)
(i) £ > Oon (~, ~2) and (2, %), f"(x) < Oon(-2.2)
(i) lim f(x) = -2, lim f(x) =0

_ 1. SOLUTION Condition (1) tells us that f is increasing on (—2, 1) and decreasing on
=y (1, ). Condition (ii) says that f is concave upward on (-2, ~2) and (2, ), and con-
_‘ 0 1 2 * cave downward on (2, 2). From condition (iii) we know that the graph of f has two

honzontal asymptotes: y = =2 (to the left) and y = 0 (to the right).

e T e We first draw the honizontal asymptote y = —2 as a dashed line (see Figure 9). We
' then draw the graph of f approaching this asymptote at the far left, increasing to its
FIGUREQ maximum point at x = 1, and decreasing toward the x-axis as at the far right. We also
make sure that the graph has inflection points when x = —2 and 2. Notice that we
made the curve bend upward for x < =2 and x > 2, and bend downward when x is
between —2 and 2.

AT
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0 leed jorn
Paint
0D | &0
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£~ FW‘=- xn’-rbxq'f Ax .
03 Dedermine the domain 7

D= (-%9,=)

L)) [N osymetetes, iE Y-
Dive k15 paymmia o v \|
o0 Nedzonka) °‘5\\';N\:°'\n\~e _

_________________________________

c) Determiva £ 15 030 or even ]
Ts € yrmmediic.
Fode xxbX 43X

Q«.\\ v E (06 3 even 3 Yoviy

F(= -Fed 409 1 Symnele
F(—x\; —X3+6)’L—3x a}‘&‘?‘i
foe) .
‘:\.\:. -f(x\s‘xt bx - 9>
19 cetther oéé BYo( even

————————————————————————————
- P

Y—intxeept, Set x= 0
3= XPbxeax 2y,
qu) — ) indercepl.
X_ "‘\M\ Set Y=0
YbTEdx = 0 Dx(CrbX 90

AX a3) =0 3 %=0x-_3
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2,\ D elecmite tre jnkecucl of

jocteese ood decteoye 1 Dekemine

felokive  exlemo , f~ any 7

F— % X + 9%

= 2Ty \20x 49 = 3k w70
= (x3)ra=0

Ca 2\ fO’l“‘s.‘ ¥=-3 %= |

-3

-1
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EXAMPLE 1 Find lin%
>

In x
=1
SOLUTION Since

(4]
e cmm—
limlnx=1Inl1=0 and lim(x—=1)=0
=1 1

the limit is an indeterminate form of type §. so we can apply I'Hospital’s Rule:

d
——(nx) v
lim LES h —hml/fl — _—4
=1 x = r%l(_l( 1 —=1 ] I
el
=lin|L=l
=1 X

P L L T T T T T e PP Ly

EXAMPLE 2 Calculate lim ‘;— .S
r—sm ]

=

SOLUTION We have lim,—«e* = % and lim,_= x> = =, so the limit is an indetermi-
nate form of type /=, and I"'Hospital’s Rule gives

x
lim — = lim
Pl o

x—m

d x
dj(ﬂ)

e’v -
= lim —

-

4 x—® 2)-‘/ @'
dx
Since ¢* — % and 2x — e as x — o, the limit on the right side is also indeterminate, but
a second application of I'Hospital's Rule gives
lim <2 = lim = = lim < s "
1w x? aow 2y xow 2 l

) . - ‘

of L hgpted \e

W op A wl d Tv

Lonees:

-
-~
hl-._._._.—-—._._._._._._._._._.—--.-

- £
N —

EXAMPLE 3 Calculate lim ln_:'
SOLUTION Since In x — % and v/x — % as x — o, I'Hospital’s Rule applies:

I/x o o
‘,— —-— #
= 1/(2Jx) O
Notice that the limit on the right side is now indeterminate of type 3. But instead of
applying I"Hospital’s Rule a second time as we did in Example 2. we simplify the
expression and see that a second application is unnecessary:

g
"oy -
-

Nov 24-09:18




EXAMPLE 4 Find lim m% (See Exercise 2.2.50.) =—_ _b; L
x—0 X

SOLUTION Noting that both tan x — x — 0 and x* — 0 as x — 0, we use |'Hospital’s
Rule:

R
. tanx —x .osecx — 1
lim = lim

- Q
x—0 x3 1—0 31.2 = L
(=

Since the limit on the right side is still indeterminate %. we apply I'Hospital’s

of type
Rule again: ').5&5{9 : ‘..L..

lim SECX 2— I _ lim Z sec?x tan x l:"“ .a\
3 fx

x—0 X x—0

Because lim, . sec’x = 1, we simplify the calculation by writing  _ p‘_c_\ .ﬂ,

e
Pt ¥

. 2 sec’x tan x | i 5 i tan x 1 i tan x

im———— = —limsecx - lim = —lim

0 6x 3 x—0 =0 X 3 x>0 x —o
Se—r~J D

We can evaluate this last limit either by using I'Hospital’s Rule a thifd time or by
writing tan x as (sin x)/(cos x) and making use of our knowledge of trighhometric
limits. Putting together all the steps, we get | Ils

. tanx — X . osec’x — | ~ 2sec’x tanx r
lim T = lim ~ = lim
x—=0 x 10 3x x—0 6x

:llim tn ¥ ]— 1 —
350 x 3 x—0 3

EXAMPLE 5 Find lim ——>

x—a- | — cosx’

SOLUTION If we blindly attempted to use I'Hospital’s Rule, we would get

. sin x A CcOS X
i T 5\ ey €
roa- ] —COS X  x—m sin x
—_—
This is wrong! Although the numerator sin x — 0 as x — a7, notice that the denomi

nator (I — cos x) does not approach 0, so I'Hospital’s Rule can’t be applied here.
The required limit is, in fact, easy to find because the function is continuous at 7

and the denomin.fn;&mnzam there:

sin x sin 7 0 fam | c

) ——

Z

lim = =_ -
x—=m- | —cosXx | —cosa 1—(=1)

Dec 1-09:04




If lim, ., f(x) = 0 and lim, ., g(x) = = (or —o=), then it isn’t clear what the value of
lim, .. [f(x)g(x)], if any, will be. There is a struggle between f and g. If f wins, the
answer will be 0; if g wins, the answer will be % (or —). Or there may be a compromise
where the answer is a finite nonzero number. This Kind of limit is called an indetermi-
nate form of type 0 - e, We can deal with it by writing the product fg as a quotient:

I _9
i /g 1q \r

EXAMPLE 6 Evaluate ]'UEI rhx. = QO — D
x—0*

SOLUTION The given limit is indeterminate because, as x — 07, the first factor (x)
approaches 0 while the secopd factor (In x) approaches —o. Writing x = 1/(1/x). we

h o as x " so I'Hospital’s ives
ave 1/x — e as x — 07 so I'Hospital’s Rule gives I L
-_—, = —’N
<
Inx 1/x .
]|m Xlnx= lim —= lim / —= lim (—x) =0 o ]
x =0 1 /x =0t —1 /x* x—0* b
—

NOTE In solving Example 6 another possible option would have been to write

L |
li Inx= 1l
Jim xlInx = lim nx — g b 8

This gives an indeterminate form of the type %. but if we apply I'Hospital’s Rule we get
a more complicated expression than the one we started with. In general, when we rewrite
an indeterminate product, we try to choose the option that leads to the simpler limit.

AMPLE 7 Compute l]m (L S ) - =D oD

In x x—1

LUTION First notice that 1/(In x) — wand 1/(x — 1) — o as x — 17, so the limit
ndeterminate of type % — . Here we can start with a common denominator:

_ I I _ x—1—lnx Q
lim | —— — = lim —— T —
=1+ \Inx x—1 =1+ (x = 1)Inx D
L=< N4 —
th numerator and denominator have a limit of 0, so I"Hospital’s Rule applies. giving
l . —
x—1—Inx . x . x—1 P

lim ————— = lim = lim —— Z
= (x— Ilnx  o1* - 1) LJII =t x— 1+ xlnx
X X nx A

ain we have an indeterminate limit of type %, so we apply I'Hospital’s Rule a second
he:

x—1 1

1 + / # + lnx

1

]1m 'l— '_ll
i+ 7 L In :

lim ——=
=1t x— 1+ xlnx JH1+

-y
O ¥ i N E N N N N

Dec 1-09:14



B Indeterminate Powers

Several indeterminate forms arise from the limit
llm = [f(x)]“‘"

1. ‘lirpuf(x) =0 and llm glx) =0

2. ‘lir'r:f(x) =% and llm glx) =0 b.

Jlimf(x)=1 and limgx) =

1—a x—a
Each of these three cases can be treated either by taking the natural logarithm:
let y={[f(x)]", then Iny=g(x)Inf(x)
or by writing the function as an exponential:
[/ = ererers

(Recall that both of these methods were used in differentiating such functions.) In either
method we are led to the indeterminate produet g(x) In f(x). which is of type 0 - .

EXAMPLE 9 Calculate lim (1 + sin4x)™*  _ \%
g, s

SOLUTION First notice that as x — 0%, we have 1 + sin 4x — 1 and cot x — , so the
given limit is indeterminate (type 17). Let

k ¥ l"(l + sin 4x)* U
In(1°+ sin 4x) __ _‘a’

tan x ‘J

Then Iny = In[(1 + sin4x)**] = cot X'In(1 + sin 4x) =

so I"'Hospital’s Rule gives

4 cos 4x
In(1 + sin 4x) 1 + sin4x
lim Iny= lim = lim =4
10+ x>0+ tan x x>0+ sec’x L’

So far we have computed the limit ol Tn'y, s tof y. To find
this we use the fact that y = "

Ilm (1 + sin 4x)““ I|m y= llm €

EXAMPLE 10 Find ,"!E x*

SOLUTION Notice that this limit is indeterminate since 0 = 0 for any x > 0 but
= 1 for any x # 0. (Recall that 0° is undefined.) We could proceed as in Example 9
or by writing the function as an exponential:

,Ll M_‘, ) t:M 7(-_-_ é(

In Example 6 we used I"Hospital’s Rule to show tha =1
Canpl s_
—_— 2 1

Therefore

lim x* = 11m ety = p0 =

x—
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ample 1 — Finding Maximum Volume

nufacturer wants to design an open box having a

Fe base and a surface area of 108 square inches, as
n in Figure 3.53. What dimensions will produce a box
aximum volume?

f——— > —

i

T (L
Iyt §Z ’(
Open box with square base:

§=x+4dch =108

Example 1 — Solution

cont]

Because V' is to be maximized, you want to write V as a
function of just one variable.

To do this, you can solve the equation x* + 4xh = 108 for h

in terms of x to obtain h = (108 — x2)/(4x). %-_ 10 8=
/

—

Substituting into the primary equation produce Lax

Functigg & two variables
—————————————— -

A7) 2t e
=X\ -— b Litute for A,

4x j_ - ubstitute for A

X Ll

=27x — —. :.\I Function of one variable

=

Vs 13- Zn O

?%-'_ 25><.’L

Dec o-09:0c



2. Examples

1.) Find two numbers whose difference is 100 and whose product is a

What needs to be maximized or minimized. The product P needs to
the two numbers are r and y, we can say that

We need to eliminate a variable. To do that we use the fact that the difference between
the two numbers has to be 100. This is the constraint:

r—y =100
So we can say y = & — 100 and plug that into the equation for P,

P = ry = x(xr—100) = 2* — 100z

o X (400 X!

‘O\ =LAV DO Z D XQQ
T=5°]
L PiLY A

Dec o-09:16




Which points on the graph of y = 4 — x2 are closest to the

point (0, 2) ?
L«tﬁ D‘CLR‘J =3 - -

Solution: o — G - L

Figure 3.55 shows that there ar -

points at a minimum distance from thﬁ ?—‘*Y . '
point (0, 2).

The qua nllyl 0 be minimized is

The distance between the point (0, 2) and  “« "= 7
a point (x, y) on the graph of y =4 =x?is
given by

d= JV(x—0)7?+ (y— 2> -2 Primary equation

= \/K'L_uxlﬂ—rk"t'l'l/\ /

= gt
Because IS gdalle xhe expression inside the

radical is smallest, you need only find the critical
numbers of f(x) = x* — 3x* + 4.

SRR DT R

Dec 0-09:20



Positive Slope

Line goes up y-valies are INCREASING 05
from left to right X-volues are Increasing

If the y-values are increasing as the x-values increase, the
line has a positive slope. If you trace the line with your
finger from left to right (the same order you read a book),

the line will go up to the right.



Negative Slope

Line goes Down y-valies dare DECREASING
from left fo right. 05 X-vales are increasing

If the y-values are decreasing, the line has

a negative slope. If you trace the line with your finger from
left to right (the same direction that you read a book), the
line will go down to the right.
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